A rectangular enclosure has such an even distribution of resonances that it can be accurately and efficiently modelled using a feedback delay network. Conversely, a non rectangular shape such as a sphere has a distribution of resonances that challenges the construction of an efficient model. This work proposes an extension of the already known feedback delay network structure to model the resonant properties of a sphere. A specific frequency distribution of resonances can be approximated, up to a certain frequency, by inserting an allpass filter of moderate order after each delay line of a feedback delay network. The structure used for rectangular boxes is therefore augmented with a set of allpass filters allowing parametric control over the enclosure size
Introduction
The feedback delay network (FDN) of order N, as depicted in fig. 1 for N = 4, is the multivariable generalization of the recursive comb filter, and it has been widely used to simulate the late reverbation of an enclosure [1, 2, 3, 4] . The FDN with a diagonal matrix can be used to simulate a box with perfectlyreflecting walls. Energy absorption at the walls and in air can be accounted for by cascading the delay lines with lowpass filters. In regular rooms, some energy gets transferred from one mode to another due to non-mirror reflection at the walls. This effect is called diffusion [5] and is encompassed by the nondiagonal elements of the feedback matrix. As observed in the time domain, diffusion produces a gradual increase in density of the impulse response.
The delay lengths of a FDN are sometimes chosen with number-theoretic considerations in order to minimize the overlapping of echoes, as it was done with classic reverberation structures [6] . A more physical criterion is based on the following observation. In a rectangular enclosure, the distribution of normal modes can be obtained as the composition of (infinite) harmonic series, each series being associated with the spatial direction of propagation of the plane wave fronts supporting the modes. For instance, the longitudinal size of a rectangular box is associated with a low-pitch mode and with all its multiples. Since any harmonic series of resonances can be reproduced by means of a recursive comb filter, a reference FDN can be constructed as a parallel connection of comb filters or, in other words, with a diagonal feedback matrix. For the rectangular enclosure, the delay lengths can be computed exactly from the geometry of the room [3] . Specifically, given a limited number of delay units N, it is possible to determine the N delay lengths such that the model reproduces all the resonances of the room up to a limit frequency that depends on N and the dimensions of the room.
Conversely, the number N of delay units can be determined in such a way that the limit frequency coincides with the Schroeder frequency [7] , above which the exact reproduction of resonances is not perceptually relevant and it is sufficient to keep the modal density constant.
The fact that different modes are differently excited according to the position of the sound source can be taken into account by a proper choice of the b coefficients in fig. 1 . Similarly, the pickup point should affect the choice of the c coefficients.
A model where normal modes, absorptions, and diffusion are all represented in the FDN structure has been called "Ball within the Box" (BaBo), since it can be visualized as a box of mirrors containing a single diffusing object (the Ball) represented by the matrix [3] . Usually the model is completed with the explicit computation of early reflections that uses a geometric description of the acoustical scene.
Non-rectangular enclosures usually do not have an even distribution of resonances. In some relevant cases, however, the modal distribution can be calculated in closed form from the geometric specification of the enclosure. In The spherical Bessel functions tend to cosine functions for large values of the argument [8] . A prior realization of the spherical resonator, depicted in fig. 2 , exploited the fact that the extremal points are asymptotically equidistant, using recursive comb filters with feedback high-pass filters to reproduce the medium-and high-frequency resonances [9] . On the other hand, a set of lowfrequency resonances were individually reproduced by tuned second-order resonant filters. Such prior realization was successfully experimented in the AML | Architecture and Music Laboratory, a museum installation where the visitor can experience how shapes such as, e.g. a tube, a cube or a sphere imprint a specific signature on the sounds. Informal reports from many listeners convinced us that it is indeed possible to identify basic shapes from the kind of resonance distribution they display.
Whereas the models used within the AML are specific to each shape, we try here, starting from the BaBo model, to design a single model valid for a few shapes. The BaBo model was initially designed for rectangular shapes but we extend it to the simulation of non-rectangular ones, in the hope that we can even feature a "shape control handle". This paper reports the extension of the BaBo model to spherical enclosures and the comparison of audible results with recordings made through acoustical resonators. We also indicate how the simulation of cylinders of various lengths and radii might be achieved by the same structure with the proper parameter design.
Rectangular resonator model
The BaBo model provides parametric control over the geometric and physical properties of a rectangular enclosure [3] . The kernel of the model is a feedback delay network where the delay lines have length in seconds given by
where c is the speed of sound and l, m, n are triplets of small positive integers sharing no common (nontrivial) divisor. Triplets with two zeros correspond to axial modes. Triplets with one zero correspond to tangential modes. Triplets with no zero correspond to oblique modes [10] .
If the feedback matrix is diagonal we have a parallel of comb filters and this corresponds to a perfectly reflecting enclosure. In this case each comb Whereas the BaBo structure is well suited for imitating resonators characterized by overlapping series of harmonic resonances, it seems difficult to adapt it for the simulation of non-rectangular enclosures. Indeed, this is possible with moderate extra effort, as we will explain in section 5.
Acoustics of the sphere
The modal frequencies f ns of a sphere are proportional to the roots z ns of
where j n is the spherical Bessel function 1 of order n and z ns is the s th root of the j ′ n function. The theoretical resonance frequencies are
where c is the propagation speed of sound and a is the radius of the sphere [11] .
The spherical Bessel functions j n can be studied by reference to the cylindrical Bessel functions J n , thanks to the relation [8] 
The function j ′ n (x) has the following property:
By substituting (4) in (5) we get
Some roots z ns of equation (2), i.e., the zeros of (6), are listed in Table 1 .
A closer look at the set of roots shows that they are not uniformly distributed,
unlike the longitudinal resonances in tubes or between parallel boundaries.
The roots are wider apart at low frequencies than at high frequencies. This effect is stronger for higher values of n but, as it is clearly visible from Table 2 , any series of roots tend to be periodic in π for high values of s.
This can be interpreted as dispersion at low frequencies and will give us a hint on how to implement the spherical resonator. be used throughout the paper as a test case. It should be noticed that the Bessel functions of any order give rise to a resonance at dc, except for order n = 1. In the design procedure of section 6 we neglect this singularity and we 2 For the sake of accuracy, we take into account the fact that the propagation speed c is temperature dependent according to the following relation:
where t is the temperature • C of the air contained in the shape. Table 2 : Differences of contiguous roots of j ′ n (x) = 0 (normalized to π) for order n = 0, . . . , 9 and root number s = 2, . . . , 6.
treat all the Bessel orders as if they would provide a resonance at dc. This approximation produces inaudible effects, as humans are insensitive to very low frequencies.
Relation (3) yields the theoretical resonant frequencies of the sphere.
Since the envelope of the sphere might be vibrating as well as dissipating some acoustic energy, these frequencies should be corrected for the effects that occur at the boundary [11, 5] . Table 3 : Resonance frequencies (in kHz) corresponding to roots of j ′ n (x) = 0 for order n = 0, . . . , 9 and root number s = 1, . . . , 4, for a sphere having radius 0.188m at a temperature of 23
• C
Measurements
Data are available from 3 experiments: Moldover et al. [11] display a spectrum measured in an argon-filled thick metal shell, and we have measured resonances in a rigid plastic shell as well as in an inflatable plastic ball.
In the experiment conducted on the metal shell, many roots z ns can be identified [11] . The series of roots z 1s can be measured but the amplitudes are very small. The series z 0s shows larger amplitudes but the largest am- 
Spherical resonator model
The first attempt to imitate spherical resonators, as shown in figure 2 , has provided audible results that allow users to distinguish simulated spheres from other shapes such as cube, quader or tube just from their specific sound colour. This seems to confirm experiments on object recognition performed with blind subjects [13] . From the AML model, we have learnt that the fundamental frequencies (f 11 , f 22 , f 32 , . . . , f n2 ) should be modelled with a high accuracy. The periodic spacing of resonances at higher frequencies is an effective parameter but it is difficult to tune. If all the resonances were spaced according to the asymptotic spacing π of the z ns roots, they would imitate a cylinder rather than a sphere. On the other hand, the spacing at low frequencies is much larger than the asymptotic spacing (Tab. 2), so the spacing was tuned empirically at an intermediate value.
In the early experiment, the z ns were grouped according to the number s of the roots rather than to the order n of the function because we noticed that the spacing in the z ns series was more regular along s than along n.
Building on the experience gathered with this first model, we try here to design a more systematic one. Consider the perfectly-reflecting rectangular box and its representation in the BaBo model. Let us see how the model can be extended to spherical enclosures.
Indeed we would like to consider a perfectly reflecting sphere as a parallel connection of non-harmonic comb filters. The resonances of the n th comb filter correspond to the local extremal points of the n th order spherical Bessel function.
Given the resonance frequencies, we can sketch the ideal phase response of the n th comb filter loop, since the loop phase has to be equal to a multiple of 2π in order to sustain the mode associated with a resonance. Fig. 6 schematically shows with bold crosses the desired phase response at the positions of resonances, as it is generally found for any Bessel function order.
A straight line fits the crosses fairly well for all Bessel orders, so that we can construct a realizable target phase response that is the sum of a linear contribution (realizable by a pure delay) and a piecewise linear contribution (that can be approximated by a stable allpass filter). The scheme of one of the inharmonic comb filters is shown in fig. 7 , where the allpass filter and 2) indicates that S can not be too small if the "sense of roundness" has to be maintained in the medium and high frequency range. The order chosen for the allpass filter will determine the number S of resonances that will be accurately imitated.
The nonlinear phase curve can be roughly approximated by a couple of linear segments, a low-frequency slope and a high-frequency slope. With this observation, the allpass filter for the 0 order Bessel function can be designed If the goal is having a spherical resonator model that can be controlled in its radius, the design procedure should be run several times, each for a selected value of radius. In this way, a we see that a low order allpass filter is adequate for small spheres, e.g. order 6 or less for radii smaller than 0.5m. However, for larger spheres, the filter order should be increased in order to provide a decent approximation at least under the first kHz. Table 5 , does not seem to prevent the listener from identifying the enclosure as a sphere. 
Trials, Discussion, and Tuning
The ability of a model to simulate actual objects can be checked by comparing sounds played through the real objects with sounds processed by the model. The brightness of the sounds played through the tube has been adjusted by modifying the length of the tube until it empirically fits the brightness of the sounds played through the sphere.
Some listeners easily recognise the shape of the object just by listening to their sounds [9] . Most listeners agree that each object has a very peculiar sound colour but they fail at describing the differences and at telling one shape from the other. Many of them are capable of making a decision after a few learning trials, as if the knowledge had been available in their brain for a long time (perhaps since childhood) but that this knowledge had to be reactivated.
Similar tests were performed with sounds processed through the computer models. The FDN model of the sphere produces sounds with a refined reverberation, but the typical character of the sphere is less prominent. When comparing with FDN simulations of cubes, it is more difficult to tell the shape that is currently being simulated even though prior exposure still helps significantly. The fact that a sophisticated model performs worse than a simpler model for specific cases must be interpreted thinking that the initial model of the sphere ( fig. 2 ) was constructed for a specific radius by fine tuning of a few prominent resonances. On the other hand, the FDN model aims at achieving generality and complex behaviour with a compact parametric structure.
However, further research in sound perception has to be pursued in order to understand which are the salient characteristics of a sound spectrum that bring us its shape signature. When such results become available, the design procedure of the FDN spherical model will be improved further. This tuning of the model improves the simulation but it is not yet enough to allow for a reliable detection of the simulated shape from the sound itself.
Again, it seems that the physical theory of the sphere is not sufficient to drive the design stage, and perceptual issues should be considered. To this end, the issue of identifying a shape from its audible signature should be investigated more deeply in the future. 
Conclusion and Further Research
We have shown that the basic structure of the BaBo model can also be used to simulate spherical geometries, just by using properly designed allpass filters within the filtering blocks H i of fig. 1 . The resulting model might be called "Ball within the Ball" (BaBa). We have shown that a simple design procedure and, possibly, some manual tweaking, allow an efficient structure to be realized that can be tuned either like an ideal sphere or like a real one.
An open question is nevertheless how accurate this design has to be, since it is still unsettled which are the relevant parameters that affect the "perceived roundness" of the object. 
